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Abstract

Open systems, where agents arrive and depart over time, are growing in digital
platforms. Existing work on online learning in such systems, however, often
relies on structural assumptions that may be restrictive in practice. In particular,
heterogeneous rewards and general agent patterns create three new challenges:
arrivals induce endogenous non-stationarity, agent patterns govern the rate of
information accumulation, and uncertainty brought by new agents accumulates
over time and scales regret. To this end, we formulate a learning problem for
open systems that accommodates both forms of generality. We introduce new
concepts to capture the inherent complexities: the pre-training degree of new agents
quantifies how much information an agent carries upon entry, stability measures
the impact of population changes on the global optimum, and global dynamic
regret compares the cumulative expected reward with that of the varying optimal
arms. We also study a manifold representation of agents and introduce a dynamic
population embedding that directly encodes the population functional for each
arm. We develop two UCB-based methods. The first combines entry information
with online observations through agent-wise confidence bounds and aggregates
the estimates and uncertainties for arm selection. The second pools agent-level
observations through kernel regression on the manifold and constructs UCBs by
projecting the confidence sets onto the current population embedding. Entry
uncertainty enters the regret linearly through the pre-training error, while in stable
regimes, regret is governed by the time needed to identify the stable optimal arm.
With the manifold as a handle, regret is governed by the information gained from
agent representations. These bounds all depend on population dynamics, but in
different ways.

1 Introduction

Multi-armed bandits [Auer et al., 2002a,b] have been widely studied for their mathemat-
ical beauty and broad applicability. Seminal algorithms couple statistical estimation



with uncertainty control [Auer et al., 2002a, Thompson, 1933] and have enabled decision
making in e-commerce [Xiang et al., 2022, Jiang et al., 2021, Barraza-Urbina and
Glowacka, 2020, Zhu and Van Roy, 2023] and, more recently, large language models
(LLMSs) [Atalar, 2026, Poon et al., 2026, Bouneffouf and Feraud, 2026, Bouneffouf and
Féraud, 2024]. However, modern systems increasingly involve multiple decision-makers,
ranging from distributed services [Zhu et al., 2021, Yang et al., 2024] and store branches
[Mes and Gerrits, 2018, Khatua et al., 2011] to teams of agents in agentic systems [He
et al., 2025, Chen et al., 2025]. The classical bandit framework no longer directly applies,
and multi-agent multi-armed bandits (MA-MABs) emerge as a recipe [Landgren et al.,
2016a,b, 2021, Zhu et al., 2020, Martinez-Rubio et al., 2019, Agarwal et al., 2022, Wang
et al., 2022, 2020, Li and Song, 2022, Sankararaman et al., 2019, Chawla et al., 2020,
Xu and Klabjan, 2023, 2024, 2025]. In MA-MABs, agents are nodes on a graph. At
each round, each agent selects an action, observes the local reward of the chosen arm,
communicates with its neighbors, and incorporates the received information into its
decisions. The objective is to always select the arm with the highest aggregate reward
over all agents.

To date, it is habitually assumed that the system is closed, in the sense that the set
of decision-makers remains fixed throughout. In practice, however, data centers and
their tenants may expand or shut down [Shehabi et al., 2018, Shieh et al., 2011], store
branches may open or close [Clapp et al., 2014], and LLM agents may be added to or
removed from agentic workflows [Liu et al., 2026a, Wang et al., 2025]. Such systems
have an evolving set of decision-makers and are often described as open multi-agent
systems (OMAS) [Deplano et al., 2026, Liu et al., 2026b]. Recent work has begun
to study learning therein [Rosenski et al., 2016, Trinh and Combes, 2021], assuming
that active agents are drawn from a fixed pool of bounded size. This may not apply
when populations can grow arbitrarily. [Xu and Klabjan, 2026] removes this restriction
via Poisson processes, assuming homogeneous rewards across agents. However, both
assumptions can still be restrictive: rewards for the same arm may vary across agents
[Yang et al., 2021], while population changes may again be arbitrary [Deplano et al.,
2026].

Removing them, yet, changes both the objective and the learning process. As rewards
are heterogeneous, an arriving or departing agent changes the aggregate reward of
each arm by a different amount, while population dynamics determine when and how
strongly these changes affect the system. Thus, even when every agent has stationary
rewards, changes in the active population can change the globally optimal arm. A
fixed global benchmark appears inadequate. In the meantime, an arriving agent may
bring only limited information about its own rewards, while information learned from
existing agents may not transfer to it under heterogeneity. The less accurate an arriving
agent’s prior information is, the more uncertainty it introduces into the learning process.
Population dynamics further determine how much such perturbations accumulate.



From this interaction, open systems can exhibit different intrinsic difficulty. In the
worst case, each arrival can introduce enough uncertainty or shift the aggregate rewards
enough to create a new learning problem. In more favorable regimes, the active
population is large enough that later arrivals have only transient effects and the optimal
arm eventually stabilizes. Also favorably and more generally, agents may share latent
structures that allow information to transfer across them, so that what matters for
decision making is easier to learn than their separate rewards. All in all, the difficulty
depends on which aspects of openness are key to the decision making. Hence, we hope
to know:

Can we disentangle the sources of learning difficulty and address them in open systems?

Main Contributions. We evaluate an arm through its population-level value, ob-
tained by aggregating its rewards over the current population, and target the arm with
the largest such value, yielding global dynamic regret. This benchmark exposes two
effects of openness. Arrivals introduce uncertainty before observations are collected,
which we quantify through the pre-training error P,,. Population changes can also alter
which arm is globally optimal, motivating our notion of stability.

We develop methods that target different sources of learning difficulty in open systems.
Agent-Wise Global-UCB combines an arriving agent’s entry estimate with observations
collected after entry. For each agent and arm, it conditionally uses the entry estimate
or the empirical estimate according to which has the smaller confidence radius, and
then aggregates these conditional estimates and their uncertainties for arm selection.
Motivated by the insight that decisions depend only on aggregate rewards, we represent
agents on a common manifold, model each arm by a reward function in an RKHS, and
use a dynamic population embedding to express its aggregate reward as a population
functional. We estimate the reward functions through kernel ridge regression and
project their estimates and confidence sets onto the dynamic population embedding. In
this way, we directly estimate the aggregate reward and control its uncertainty. We
further enable parallel exploration by adapting a top-two sampling principle. The arm
with the largest UCB serves as the leader, while its plausible competitors form the
challenger set; exploratory agents are then assigned to challengers via matching to
maximize the reduction in uncertainty.

For Agent-Wise Global-UCB, regret decomposes into the cumulative pre-training error
and the post-entry learning cost, which depends on their lifetimes and the statistical rate.
These dependencies are unavoidable on hard instances, up to logarithmic factors. With
a persistent globally optimal arm, it admits O(>_;_, M;), where 7 is the burn-in time.
Alongside manifold-based learning, we find two complexities that jointly govern regret.
The cumulative information gain F% measures the information accumulated about the
reward functions, while the population path Hy = 2?21 MZ fiog(1+M;) quantifies the
amplification of uncertainty induced by population dynamics. Their interaction yields



O(Bry/TZHr). Under a Matérn kernel, it yields O(K»/(v+d71/2+d/(2v+d)) determined
by the manifold dimension d and smoothness v. Parallel exploration introduces a trade-
off in the regret bound. It reduces the amplification due to population size, at the
cost of extra exploration for information acquisition. Whether this improves the regret
bound depends on whether the uncertainty reduction outweighs this cost, which in turn
depends on the matching.

2 Problem Formulation

We study learning in an open system with K arms, indexed by [K] = {1,2,..., K},
over a horizon of T rounds, indexed by ¢t € [T]. We use t = 0 to denote the initial
system state. At each round t, agents may arrive or depart, yielding the active set
M. The active agents then select arms, observe their local rewards, and exchange
information via the communication graph Gy = (V;, &), where V, = M,. Thereafter,
we assume complete communication among active agents to focus on the challenges
induced by reward heterogeneity and population dynamics. For each m € My, let
N (t) = {n € My : (m,n) € &} denote its neighbor set.

Agents may arrive and depart according to general patterns herein. We denote A; =
My \ My—1 and Dy = M1 \ M, as the sets of arrivals and departures. A common
special case is Poisson dynamics [Birnbaum, 1954, Xu and Klabjan, 2026], under which
the numbers of arrivals and departures at round ¢ follow A; = |A;| ~ Poisson(\4) and
Dy = |Dy| ~ min{|M,|, Poisson(Ap)}, respectively. The population size then evolves as
My = | My = (My—1 + Ay — Dy)4, starting from M. Setting A\g = Ap = 0 degenerates
to fixed populations. We only require M; > 1 throughout.

If agent m € M, pulls arm i at round ¢, it receives reward 0 < 7¢ (t) < 1 from
a stationary distribution with mean 0 < ui, = E[r{,(t)] < 1. Different from the
homogeneous setting [Xu and Klabjan, 2026], we allow u!, # u! for m # n; the
homogeneous model is recovered when u, = p® for all m and 4. As is standard in the
bandit literature, we assume that the rewards are conditionally and independently R-sub-
Gaussian given the mean values. To evaluate an arm at the system level, we aggregate
its mean rewards over the active agents. Precisely, for arm 4, let us define the aggregate
reward Vi(i) = > caq, pi . and its population average V;(i) = M%g Y omeM, pi. . where
the latter offsets the effect of population size.

Pre-training degree/error. A key feature of open systems is that an arriving agent
may already carry an initial estimator that is informative about its local rewards.
For an agent m € Ay, and let /" (¢) denote the arm-i estimator available to agent m
upon entry. This estimator may come from pre-training, side information, or inherited
knowledge. We define the pre-training degree and error of agent m by D,, = /p,, and

Py = max;eg) |07 (T8 — 1) — by |; Dm = oo when P, = 0. Thus, P, measures the



worst-case initialization error of agent m across arms.

Remark. The notion of pre-trained agents in MA-MAB characterizes the accuracy
and flow of prior information in open systems. Inspired by pre-trained models in the
LLM community, it may also provide a new route for extending MA-MABs to systems
of LLM agents. The concept of pre-training error is also related to the information-
theoretic view of nonstationary bandits in [Min and Russo, 2023], although the source
of nonstationarity differs, which naturally leads to different measures of its complexity.
In their setting, the entropy rate of the optimal-action process measures how difficult
it is to track a changing environment, while the information ratio characterizes the
cost of acquiring the information needed to do so. In our setting, monstationarity
arises endogenously as arrivals change the aggregate reward vector. The cumulative
pre-training error measures how such uncertainty accumulates over time.

We then quantify how much the global reward of each arm changes as the population
evolves through max;c ) [Vi(i) — Vi—1(2)] and maxe g |Vi(i) — Vi—1(4)|. Since M; is
common across arms at round ¢, V;(i) and V(i) have the same maximizer. Let i} €
arg max;e(gj Vi(i). We track whether the globally optimal arm changes from round
t — 1 to round ¢ through the stability indicator S; = 1{i} = i;_;}. This notion uniquely
belongs to the interplay between openness and reward heterogeneity. In a closed system,
the population is fixed; in a homogeneous open system, population changes scale all
rewards in the same way. Either way, the identity of ¢} is time-invariant and S; = 1.

Objective. We express system performance in our go-to language of regret. Let
am(t) € [K] denote the arm selected by agent m at round ¢. Compared to i}, the
instantaneous regret of its choice a,,(t) is V;(if) — Vi(am(t)). Summing these losses
across all active agents and rounds yields the global dynamic regret

removes this scale. Notably, when all select the same arm a, the two quantities simplify
to Ry = 33, [Vi(if) = Vilay)] and Ry = 32/, [Vi(iF) — Vi(ar))-

3 Methodology

We first present a relatively direct method, agent-wise Global-UCB, which learns the
mean rewards of individual agents and controls their uncertainty, and applies when



new agents enter with reward estimates of quantifiable accuracy. We then introduce
a manifold-based method that exploits geometric structure across agents and directly
learns the aggregate reward of the population and more importantly, controls its
uncertainty.

3.1 Agent-wise Learning

The first method (Algorithm 1) learns the agent-wise rewards by combining information
available when an agent enters with observations collected after entry. Let us index

distinct agents by their order of first appearance, and let j(m) denote the index of

. . ~ent . .. =
agent m. Such an agent carries an entry estimate ,uf:: iry with a pretraining error P,
b

entry < p
— < P,,.

7
m,i 2%

satisfying max;c (g ‘,&

For n > 1 and confidence parameter § € (0, 1), let us define the empirical confidence

radius ¢, (n) = \/i log(QKj(m)(j(%)H)n(nH)); ¢m(0) = oo. For each continuing agent

m € Ry with Ry = MyNM;_1 and arm ¢, let n,, ;(t—1) and fmﬂ-(t—_l) denote its number

of observations and empirical mean. We set py, ;(t — 1) = min{ P, ¢y (nm,i(t — 1))},
B By < et — 1))

and use fip,i(t —1) =" ™ _ " Through this, we use the
" Tmi(t —1), Pun > cm(nmi(t —1)).

entry estimate until the observations collected yield a tighter confidence radius.

At round ¢, the aggregate expected reward Vi(i) = > 14, pi is estimated by ‘7,5(1) =
Y omer, mit —=1) + >, ca, /lf;tiry. We compute the confidence radius for agents in_Rt
and A; as their vanilla sums, i.e., Bf*'(i) = Y cp pmi(t —1) and Eff =% 4 P

The total confidence width should naturally add uncertainty from new arrivals, E{!, to
that of continuing agents, B§*t(i). Since F;* is common across arms by definition, we
define the UCB index as V(i) + B5%t(i), and select a; € arg maxie[K]{‘A/t(i) + B5*t(4)}.
All active agents share the same UCB index and therefore select the common arm ay.
Each agent then observes its local reward and updates the empirical mean and pull
count of the selected arm.

If the same arm remains globally optimal with a persistent gap, we say that the system
has a stable regime. In this regime, once the uncertainty maintained by the policy
becomes and remains sufficiently small w.r.t. the gap, the stable optimal arm has the
largest UCB index at every subsequent round and is selected thereafter. The resulting
behavior resembles explore-then-commit. Although exploration is driven adaptively by
the UCB indices, not by a prescribed exploration phase, the policy eventually enters an
analogous commitment phase.



3.2 Manifold-based Learning

A potential pain point of the preceding method is its reliance on a “good enough”
pre-training error, which may be out of reach in practice. For example, the pre-training
error may be unavailable, difficult to quantify a priori, or just too large to provide useful
information. It can then propagate to the population level, where the decision becomes
more delicate. However, ultimately, decisions depend on their aggregate rewards over
the population, not necessarily requiring control of agent-wise reward uncertainty. This
motivates us to exploit the structure of agent rewards and work directly with uncertainty
in the aggregate rewards. Although arrivals and departures change the active agents
and their reward vectors, observations can transfer across agents when they share a
common geometric structure. Our handle is to represent agents on a manifold, learn
the reward function of each arm over this manifold, and express its decision-relevant
uncertainty through a functional induced by the population.

Let X be a known compact Riemannian manifold. Each agent m has an observed
representation x,, € X', available upon entry and fixed during its lifetime. For each arm
i € [K], let f; : X — [0, 1] denote its unknown reward function, so that uf, = fi(zm).
Let k£ : X x X — R be a known positive-definite kernel with associated RKHS H;, and
we define the canonical feature embedding as ¢(z) = k(x,-) € Hy. As is standard, we
assume 0 < k(z,z) <1 for every x and || f;||5, < S for every arm i. By the reproducing
property of the RKHS, f;(x) = (fi, ¢(x))sn,. In other words, the embedding connects
the location of agent m on the manifold to its reward.

We aggregate the feature embeddings of the active agents into W, = > _\( ¢(zm) €
Hyi. We call U, the dynamic population embedding. By linearity and the reproducing
property (also the Riesz representation theorem [Goodrich, 1970]), we have that

Vi(i) = D filwm) = D {fid@m))m, = (fir Vi)n,-
meMq meMzq

Hence, for evaluating arm ¢, it is enough to learn how f; behaves on the current
embedding ;.

For each i, we estimate f; using kernel ridge regression:

fig—1 € arg }{gﬁ{z Y () = flam))® + 1 f 13, )

s<t: meMs
as=t

Its normal equation is Ai,t_lﬁ',t_l = b;¢—1, where Ait—1 =14 ami 2omen, P(Tm)®
¢(xm) and bi,t—l = Zs<t:as=i ZmGMs T:n(s)qs(xm)? with (U ® U)h = <h7 u>7.,5ku

The estimate of the current aggregate reward is then expressed as ﬁ,t—l = .Ai_, tlflbi,t—l

and XA/t(z) = (f;,t_l, U,)y, . Hence, the decision rule uses the estimate only through



its projection onto the dynamic population embedding. But more than that, we
need to quantify how much uncertainty within the estimate. Precisely, for n > 0, let
Vo = SUPy, . 4. cx 310gdet(l, + K,), where Ky, is the Gram matrix of {z1,..., 2z}
Intuitively, v, quantifies the maximum information about the reward function that one
hopes to obtain from observations at n agent representations; it naturally connects
to mutual information as seen later. Let 7, be any known nondecreasing sequence
satisfying 7, < 7,; the choice of this sequence depends on the kernel k(-,-).

For arm i, let N;(t — 1) = > s<t. My denote the number of observations collected by

aAs=1
round ¢ — 1. For confidence level § € (0, 1), let us define the exploration parameter as

Bit—1 =5+ R\/Q('?Ni(t_l) + 1+ log %) and the uncertainty in the aggregate reward

Vi(i) as oy = \/<\Ift,A;tl_1\I’t>Hk- As shown in Section 4.2, w.p. at least 1 — 4,

V(i) — Vi(4)] < Bis—10P% simultaneously over all arms and rounds. Each agent selects
ar € arg max;e| K]{‘A/t(z) + B@t_lagtolj} following the UCB principle. We then observe a

batch of agent-level rewards and update A, ¢+ and by, .

Finite-dimensional implementation. Although the method is formulated in the possibly
infinite-dimensional RKHS Hj, all decision-relevant quantities admit finite-dimensional
kernel representations.

Let us enumerate the N;(t—1) observations of arm i as {(z; ¢, yi ¢) évzigt_l), andlet y; ;1 €

RNi(t=1) collect their rewards. Let us consider an operator which evaluates the values
of any function in RKHS w.r.t. observation x as ®;;—1 : Hy — RNi(t=1), [©;1—1f]e =
f(@ie), with adjoint ®7;, ja = Zévzigtfl) app(xig), a € RNE=D The Gram matrix is
then K;;1 = @;¢—19;, ;. For any f € Hy, by the reproducing property, we obtain

Ni(t—l)
O i1 f= > (P(rie) ® dlxie)) f.

(=1

Hence, we derive that A; ;1 =1 + q)zt_lq)i,t—l- Next we proceed to the representa-

tion of bj;—1. By the definition of the adjoint, ®}, 1yi.1 = S0 yied(zi) =
—~ —1

bit—1. With these equivalences, we obtain f;;_1 = (I—i— ‘I);t_fl)i,t—l) @2‘7t_1yi7t_1.

Using (1+ @7, ®igo1)  @Fy = @5,y (1+ @ 19,,) , we obtain [y =
(I’;F,t—l(Ki,t—l + I)7'yis—1. Let ¢ir = ®;4—1¥; which collects the values of the pop-
ulation embedding W; at the agent representation histories {z;;}. Its /-th entry is
Gitle = Ve(2ie) = D e, K(Tig, Tm). Moreover, we denote ¢; as the squared norm of
the population embedding ¥, as ¢; = ||\I'tH3_[k = mmnem, ¥(Tm,zn). Consequently, we



obtain

Vi) = (Fimt, Oo)aa, = (@F, 1 (Kiom1 + 1) Myigm1, W,
= QiT,t(Ki,tfl + I)_lyz',tﬂ-

Using the Woodbury identity matrix [Henderson and Searle, 1981] yields Ai_tl—l =
I— (I)Zt—l(Kiﬂf—l + I)_1<1>i,t_1. Hence, we express the radius as

2
() = (v tilame),,
= 143y, = (Pir1 %) T (Kip1 + 1) (Pig—1P4)
=i — q} (Kig—1 + 1) aiy.

In other words, the kernel representation based on past observations is algebraically
equivalent to the infinite-dimensional counterpart above and therefore yields the same
UCB indices and arm choices, while providing a more computationally appealing form.
The full procedure is exhibited in Algorithm 2.

3.2.1 Parallel Exploration

Thus far, all active agents select a common arm at each round. This idea naturally
aligns with the system-level objective and is feasible under the complete communication
graph. Under the manifold formulation, an observation from one agent can reduce
uncertainty in the aggregated reward, yet the extent of this reduction varies across
agents. This heterogeneity in information value creates an organic opportunity for
parallel exploration. To this end, we next allow agents to diversify arms while aiming
at the same target iy € argmax;c[g) Vi(i). This creates extra freedom for information
collection, in that agents can explore arms in parallel to jointly inform the decision, but
of course as we shall foresee shortly, also an extra layer of complexity in exploration.

For each arm i, let Q;; = {m € M; : an(t) = i} denote the active agents assigned
to arm i, and let M;; = |Qq;|. Then {Qy}ic(k) partitions My, with Zfil M, ; = M.
Likewise, observations are accumulated from agents assigned to that arm, so we can
equivalently write N;(t — 1) = >, Mg, Aip1 =14+, Zmegs,i O(Tm) @ d(xm)
and big1 = Y . Zmegs,i i (8)é(xm). The estimator ﬁ,t—l = A;tl_lbi7t_1 induces
the estimate V;(i) = (ﬁ,t,l, V)3, and uncertainty Uzgp. Here the confidence bound

continues to hold, i.e., w.h.p. 17}(@) —Vi(i)| < @.i_lall?’?p_

We adapt top-two sampling to handle parallel exploration. Let us define the upper and
lower confidence bounds (UCB and LCB, respectively) of arms as

Ui(i) = Vi(i) + Biw-1075"  Li(i) = Vi(i) — Bit-1077"



This leads us to the top-two arms as

h € arg m[aé(] Ut(Z), Ct = {Z 75 h : Ut(Z) > Lt(ht)}
1€

Intuitively, the top-one arm h; maximizes the UCB index and is therefore a promising
candidate for the best arm, while the arm set C; contains arms whose UCB indices
exceed the LCB of hy, and are thus also plausible candidates for the best arm. We retain
h: (leader) and C; (challengers) to promote exploitation and exploration, respectively.

We next assign agents to either the leader or its plausible challengers. Let the exploration
budget e; = min{M; — 1,|C;|}, so that at least one agent selects hy. When C; = 0,
e; = 0 and all agents select h;. Suppose agent m were assigned to arm 4. Its observation
would add the rank-one term ¢(z,,) ® ¢(zym) to the current design operator A;; 1,

yielding Aggl = Aii—1 + &(xm) @ ¢(xy,). Correspondingly, we obtain (O'E?p7(m))2 =

(P, (AETll)*l\I/t>Hk. Thus, the uncertainty reduction in V;; from this assignment
is Git(m) = (07;")% - (aﬁ?p’(m))Q. By the Sherman-Morrison identity [Sherman and
Morrison, 1950],

Gig(m) = (VoA 1 0@m)3y, [+ (bam) ATl é(am))r, -

We select e; agent-arm pairs & C My x C; by maximizing the total uncertainty reduction,
Wi(&) = Z(m,i)e& Gi+(m). This is a bipartite matching problem, which can be solved
independently as a network flow problem [Goldberg et al., 1989]. Every agent not
included in the matching & selects hy.

4 Theoretical Analyses
4.1 Agent-wise Global UCB

We first characterize the regret bound under Algorithm 1, which seeks to estimate the
agent-wise mean rewards. For each agent m, let anf,i(T) = 23:1 1{m e Ry, ay =i},
and L, = Zfi 1 Nn]ii(T), which denote the total number of post-entry observations
collected from agent m for arm ¢ and across all arms, respectively. In other words, L,
is the lifetime of agent m. For any confidence level 0 < § < 1 and integer n, let us
define Ay, (n) = log(2Ki(m)(i(m)+1)n(n+1)/s).

Theorem 1. With Algorithm 1, with probability at least 1 — 4,

T
Rr<2Y Y Ba+2 Y min{Lum, KBy + 2KAm(Lm)Lm} (1)

t=1 meA; m: Ly, >0

The bound reveals two complementary sources of complexity. New agents always
bring in error P,,, amplified by A; over time upon entry due to reward heterogeneity.

10



During the learning process, when the initial reward estimate is sufficiently accurate,
its contribution to regret is further controlled by L,,P,. Otherwise, observations

collected after entry progressively refine the estimate, leading to the statistical term
KAy (L) Ly, Population dynamics affect the bound through both the agents that

enter the system A; and each agent’s lifetime L,,. The exact order depends on ﬂf?fffiry

and P,,, which arise in common models such as linear and cluster models; we refer to
Table 1 in Appendix A.2.

Indeed, the linear dependence on the pre-training error, the first term in (1), is
unavoidable in a heterogeneous open system. In a closed system, |4;| = 0, and in the
worst case, P, = 1, so the first term does not enter the rate, and the dominant term in
the regret bound is O(v/T), consistent with the current literature. In a homogeneous
open system, P, is the current confidence radius shared by all agents, which shrinks over
time. With proper sampling that pools observations across agents in the algorithmic
step to optimize sample complexity, the algorithm may recover the rate in [Xu and
Klabjan, 2026]. The second term captures the post-entry learning cost for continuing
agents. It cannot be removed, as it matches the O(v/KT) order in closed systems and
also holds in general up to a logarithmic factor in 7. To see why, we consider two
distinct hard instances. First, newly arriving agents may remain for only one round, so
their rewards affect the current decision before any online observations are available.
Second, agents may appear in disjoint episodes with unrelated reward vectors, forcing
the learner to solve a fresh bandit problem after each arrival. The theorem formalizes
the idea.

Theorem 2. Let us assume K = 2 and a sequence of arrivals {A;}L_; and numbers
{pm €[0,1] : m € A, t € [T]}. There exists instances Z({pm}) with Py, = py, and in-
stances Q({ Ly, pm}) with Y, (Lm+1) <T. For any random policy m with coordinated

actions, Sup,ez((p, ) B[R] > Y230 ¥ e, P and sup,eo((r,, poy) EX[RT] >

V12830 p <o min{ Lypm, VK Ly }.

4.1.1 Sharper Bounds under a Stable Arm

Although agents may be heterogeneous, the aggregate population reward admits a
persistent optimal arm. This can arise, for example, when the population is sufficiently
large relative to new arrivals after certain time steps and the separation between arms
is sufficiently large that the additional reward heterogeneity introduced by new arrivals
does not overturn the optimal arm. We formalize this favorable regime as the following
assumption on the problem instance.

Assumption 1. There existil € [K], A >0, and Ty, < T s.1. ‘_/t(iT)—max#“ V(i) >
A, VYt > Tgtab-

However, the existence of such an arm is only part of the story, as the performance also
depends on whether the method is able to identify this arm, which is characterized
by another burn-in period. Let Wy(i) = B5** (i) + Ef* and wy(i) = Wi(i)/a,, and let us

11



define 7iq = inf{t € [T] : max;egws(i) < B4, Vs € {t,...,T}}, with inf) = T 4 1.
Intuitively, it is the burn-in time for the uncertainty radius shrinks below the uniform
gap A so that Algorithm 1 can identify this optimal arm. Finally, let us set 7 as
T = max{Tstab, Tid }» after which we find the persistently optimal arm. The regret bound
reads as follows.

Theorem 3. Suppose Assumption 1 holds. Run Algorithm 1 with confidence parameter
§/2. Then, with probability at least 1 — &, a; = if, for any t > 7. On the same event,
Ry <71—1and Ry < 22;11 M;. We denote 1 =T + 1 when 7> T.

Once t > 7, regret stops to grow. The rate of course depends on agent patterns My,
pre-training errors (E,;‘l)7 and the burn-in time 7, and is thus instance-dependent. As an
example, if M; = O(t), |A;| < A, and P, < Cpt~® with a > 0, then 7 < 7¢¢ = O(log T')
under Assumption 2. If the remaining problem parameters are independent of T,
Ry = O(logT) and Ry = O (MylogT + Alog? T). Thus, they recover the rate in
closed systems [Landgren et al., 2016a] and in homogeneous open systems with Poisson
processes [Xu and Klabjan, 2026], implying consistency while being applicable to more
general regimes. Details on 7 are in Appendix A.3.

4.2 Manifold-Based Learning

We first characterize the regret of Algorithm 2 for a general kernel, and then specialize
the result to an intrinsic Matérn kernel to expose the dependence on the intrinsic
dimension. Foremost, our construction of the estimate and confidence radius is valid
w.r.t. Vi(7).

Lemma 4. Under the assumptions of Section 3.2, w.p. at least 1 — 0, for every t € [T
and i € [K], |Vi(i) — Vi(i)| < Bi,t,laggp.

Then, controlling regret means controlling the radius. For arm i, let us define its
information gain by I'; ; = %log det(I + K; ) where K;; is the aforementioned Gram
matrix. Let Al'y =Ty, ; —I'4, t—1 denote the information gained at round ¢. Importantly,
we have (UpOp)2 < 2MEfog(1+0;) ATy, Let us define T = Z:{Zl Al = Zfil i,

at,t
Ny = Zthl M, and Hy = Zthl M} fiog(1+My). Hence, Hr records the total amplification
of uncertainty along the population path, F% records the cumulative information gained
to resolve uncertainty, and N7 is the total sample count.

Theorem 5. Under the assumptions of Section 3.2, w.p. at least 1 — §, Ry <
2,8T\ / QF%HT with BT =S+ R\/2 (FYNT + 1+ logK/d). By F% < Zfil :VN,‘(T) < K’T)/NT,
we have R < 2B7\/2Kyn, Hr.

Theorem 5 exhibits a clean interaction between reward heterogeneity and population

dynamics. Particularly, the term F% captures the effective complexity of the reward
landscape beyond the number of agents or the ambient dimension. The square root

rate 1/F§,HT follows from summing the confidence widths over time and applying
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Cauchy—-Schwarz. Notably, there is another 4y, dependency through g7, and thus
the total rate is of \/Hr7yn, consistent with the existing analysis machinery in RKHS.
Regret is small when either the reward landscape is easy to learn, or the population
trajectory limits the exposure of the uncertainty.

With an intrinsic Matérn kernel that exhibits a well understood spectrum, the re-
gret dependence on the intrinsic dimension and smoothness becomes explicit. As-
sume that the agent representation space X is a smooth, compact, connected d-
dimensional manifold without boundary, equipped with a Riemannian metric g. Let
A4 denote the Laplace-Beltrami operator [Rosenberg, 1997], the intrinsic analogue
of the Euclidean Laplacian on the manifold, and let {(};, cpj)};'io denote its eigen-
pairs: —Ayp; = Xjp; with 0 = A\g < A1 < --- . Here, the eigenfunctions ¢; describe
spatial modes over the manifold, while the eigenvalues \; characterize their spatial
frequencies. For v > 0 and ¢ > 0, we define ay = 2v/¢? and consider the normalized
intrinsic Matérn kernel ky ¢(v,2") = 1k, 372 (ae + 2j) V20 (x)pj(2), where con-
stant #,, = sup, > o(ar + M)V 20 (x)pi () st Ky e(z,x) < 1 for every z € X.
We then have:

Theorem 6. For the Matérn kernel, w.p. at least 1 — 6,

n v _d  _2v
Ry < 2/8T\/2C7K2u2+d Nj%’/-ﬁi L%V—!—d Hy,

d 2v

where By = S + R\/2[C’7NT2”+"’ L7+ +1+log %] and Lt = log(e + Nr).

Moreover, under bounded population size M; < M for all ¢, we have N7 < MT and
Hr < TMQ/log(l—l—M). Hence, up to logarithmic factors and constants w.r.t. (X,g), v, ¢,

S, R,and M, Ry = 5(KﬁT%+#{W). In particular, it is sublinear in 7" if v > d/2.

4.2.1 Parallel Exploration

Let us now echo back to the method where we allow agents to diversify arm selection.
Recall that e; is the number of agents who explore C;; e; = 0 in the homogeneous
exploration case. This distinction yields:

Theorem 7. Under the assumptions of Section 3.2.1, with probability at least 1—§, Ry <
¥ r7h _ T het _ ~~T Mi—ep)?

2071/ 207 HI + (287 +1) N7, where NZP =3y e and HP =5, W.

If, in addition, parallel exploration is restricted to assignments (m,i) whose one-step

information gain I; ;(m) = 1/2log(1 + <¢(xm),A;t£1 (xm))n,,) is at least n > 0, then

NP < TF/n, and Ry < 2P374/20ZHE + Z’LHHF% Lastly, T3 < KAy, which allows
us to plug in yn, .

By the second argument in Theorem 7, the rate of parallel exploration depends on
the matching mechanism for the budget e;, which is our next focus. For e; > 0, let
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N = MaXpe T, (e,) MiN(y, i)ep Lit(m) denote the largest one-step information thresh-
old for which there exists a feasible matching whose every assigned pair attains at
least that threshold. Indeed, A;¢—; > 0 and Hqﬁ(wm)H%k = k(zm,xm) > 0 imply

<d)(:ﬂm), A;t1_1¢(:cm)>H > 0, and hence I; ;(m) > 0 for every feasible agent—arm pair.
k

Since the set of feasible matchings M7 ¢(e;) is finite and nonempty, it follows that
ny > 0. For 0 < n < nf, define the level set

MT(er) = {P € MTy(et) : I;:(m) > n for every (m,i) € P}

. We th~en choose P;"" € arg maxXpe p77(e,) We(P). Again since MT(e) is finite, there
exists Pr € MTy(er) s.t. min(m,i)eﬁt

P € MT)(e;), and hence MT7(e;) # 0. That said, P;*" is well defined and meets the
one-step information threshold.

I; +(m) = ny. Therefore, for every 0 < n < ny,

We note that this matching itself may be suboptimal compared with the original
optimal matching arg maxpe (7, (e,) Wi(P) over all possible matchings, due to the
information-gain constraint. This further shows the intrinsic entanglement between
uncertainty reduction (w.r.t. decision-centric quantity) and information gain (w.r.t.
agent-level exploration). However, it is indeed possible for the two matchings to
coincide, i.e., to achieve the best of both worlds. To see this, by Cauchy-Schwarz,
Giy(m) < (Uzp?p)2(1 _ e—QIi,t(m)) (2), i.e., Gi,t(m)/(aﬁﬁp)2 >1—e 20 — Lit(m) > n.
Thus, if the ofiginal optimal matching meets the condition on G;(m), then it belongs
to MT7(e;) and is also the maximizer of W;(P) therein.

Homogeneous versus Parallel If no exploratory assignments are made, so that

2
et = 0 for every ¢, then M;—e; = My, Dy = NP = 0, and Hiet = 23:1 103;(]1\/[% = Hy.
Theorem 7 therefore reduces to the regret bound of Theorem 5, implying consistency.
Generally, if e; > 0, the regret bound achieves a reduction in the first term by replacing

Hr with H%’,l,et, but at the price of the extra exploration reflected in the second term. The

bound for parallel exploration is smaller whenever 287/2(K9n, )(vVHr — 1/ H3Y) >

(267+1)/n(K 7N, ). Since nf is the largest threshold over all feasible matchings of size e,
it is equivalent to

uin g > GOr0)/2y/3g0Kve (=),
et >

provided H%et < Hr. Increasing e; reduces H%et, reflecting more parallel exploration
and favorably lowering the threshold on 7. However, it may also decrease ;. This
presents a nontrivial trade-off, particularly without the hindsight information about

: *
mMiNt:e, >0 7 -
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4.3 Computational Complexity

While we see a progressive improvement in regret, except for the trade-offs between
homogeneous and heterogeneous exploration, their computational complexity might
also be a valid factor to take into account at deployment time. We observe a progressive
increase in this complexity from agent-wise learning to manifold-based learning, while
the two manifold-based methods are more or less equivalent. While less desirable, this
is perhaps the price we pay for the fact that “all past observations remain useful even
after agents have departed given the manifold.” We hope to convey this.

Specifically, Agent-wise Global-UCB has lower computational overhead. At round t, it
takes O(K M,) to compute the estimates and confidence radii of all K arms over the
M; agents. The manifold methods inherit the computational cost of kernel regression.
Recall that N;(t — 1) and N;—; are the numbers of observations of arm ¢ and all
arms, respectively, by ¢t — 1; thus NV;_1 = 22;11 M. Evaluating the UCBs of all arms
takes O(Ny_1 M; + M? + Zfil N;(t — 1)?) time. Here, the first two terms arise from
constructing the kernel quantities g; ; and ¢;, while the last term is the cost of computing
(Kit—1+ I)"1q;s when evaluating of;". After observing the batch of M; agents, the
kernel matrix of the selected arm grows from dimension Ny, (t —1) to Ng, (t — 1) + M.
Reusing the inverse of the kernel matrix from the previous round, incorporating one
new observation requires updating the inverse after adding one new row and column.
This update involves O(n?) entries when the kernel matrix has size n x n. Summing
this cost over the M; new observations gives O(M;(N,, (t — 1)+ M;)?). Thus, the overall
per-round complexity is O(My(Ny—1 + M;)?) = O(My(3'_, M;)?) in the worst case.
Parallel exploration incurs extra cost of evaluating the assignments and solving the
matching problem; however, none dominates O(M;(3"%_, M;)?) in the worst case. More
details are in Appendix A.4.

5 Conclusions

Learning in open systems is intricate under reward heterogeneity and population
dynamics, and the findings herein show different difficulties of openness. In the general
setting, new agents contribute uncertainty through their pre-training errors, so regret
depends on both these errors and their lifetimes in the system, with these dependencies
being individually minimax tight up to logarithmic factors. When a stable optimal arm
exists, regret is instead governed by the time needed to identify the persistent optimum.
Both depend on population dynamics. Through the manifold, observations transfer
across agents via their common geometry, replacing separate control of agent-wise
uncertainty with direct control of uncertainty in the aggregate reward. The regret then
depends on the cumulative information gain and the population path, coupling the
complexity of learning with the population dynamics that scale uncertainty.
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A Appendix

A.1 Pseudo code

Algorithm 1: Agent-Wise Global-UCB

Input: Arms K, horizon T, confidence level §

Output: Common arm choices {a;}e(r)
1 fort=1,2,...,7 do
2 Observe My, and set A = My \ My_1 and Ry = My N My
3 foreach m € A; do

4 Assign its arrival index j(m), obtain {ﬂfsfiry}ie[m and P,,, and set
Nmi(t—1) =0
foreach m € Ry, i € [K] do
6 Set pmi(t — 1) < min{ P, ¢ (nm,i(t — 1))}, and set iy, ;(t — 1) + ﬂf,f:firy if

B P < m(nmi(t — 1)), and fig,i(t — 1) <= 7 i(t — 1) otherwise
7 foreach i € [K] do
Set Vi(i) < Ymer, fimi(t = 1) + X pea, Aot and
Bi** (i) 4= Yomer, Pm.i(t —1)
9 Select a; € arg maxie[K]{‘Aft(i) + B§*at(4)}
10 foreach m € M; do
11 L Pull a;, observe r%(t), and update 1y, q, (t) and 7, o, (t)

A.2 Special cases for Theorem 1

Model Entry estimate Valid entry radius P,
Linear AN max |z, (0; — 6;)]
. 1€[K] .
Nonlinear parametric  f; (2, 6;) _m[a}g{] L;||0; — 0;]|2
1€
Clustered Qi(m) 112[22(] 10(m) — Oemy
Zero knowledge 0 1

Table 1: Examples of entry information for newly arriving agents.

In the linear and nonlinear cases, estimates of shared parameters can be transferred
to a newly arriving agent through its observed features; in the clustered case, the
agent inherits information associated with its cluster; and zero-knowledge initialization
provides the worst-case valid radius under rewards in [0, 1]. Once P, is specified, all
cases are covered by the same regret bound in Theorem 1.
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Algorithm 2: Manifold-based Learning

Input: Kernel k&, RKHS bound S, noise parameter R, confidence level 4,
information-gain bound {7, }n>0

Output: Common arm choices {at}te[_T]

Initialize D; < () and N;(0) < 0 for every i € [K]

fort=1,2,...,7 do

Observe M; and {z,, : m € M;}, and set ¢; + Zm,nEMt k(zpm, zy)

foreach i € [K] do

Enumerate D; = {(x;, yi,g)}év;gt_l), and form the Gram matrix

[Kip—1ler < k(@i zie)

Set [gitle EmEMz k(xig, xm)

Set V(i) + qiT,t(Ki,t—l + 1) 'y;¢—1 and oiid \/Ct - qiT,t(Ki,t—l + 1) gy

Set Bi—1 S+ R\/2 (Ine—1) + 1+ log(K/6))

Select a; € arg maxie[K]{YZ(i) + ,Bi,t_lagﬁp

Every m € M; pulls a; and observes r% (t)
| Update Dy, < Do, U{(Tm, 5 (t)) : m € My} and Ng,(t) < No, (t — 1) + M;

m

A.3 Characterization of 7

Recall that

T = maX{Tstaba 7—id}a

where Tga1, is the time after which the persistent global optimum in Assumption 1 is
established, and 7yq is the time after which the uncertainty in the Global-UCB indices
is too small to overturn this ordering. In general, 74,1, is instance-dependent. We
first give one sufficient condition under which it admits an explicit bound and then
characterize 4.

One sufficient condition for population stability. The persistent-optimum con-
dition does not require any particular distribution of the agent reward vectors. The
following stationary population model provides one sufficient condition under which it
holds with high probability.

Assumption 2 (Stationary population composition). There are no departures, and
the reward-mean vectors piy, = (ul,, ..., 1uX) € [0,1]% of all initial and arriving agents
are drawn independently from a common distribution, independently of the arrival
process. Let v(i) = E[ul,], and suppose that v has a unique mazimizer it € [K], with
gap Ao = v(if) — max;_;+ v(i) > 0.

22



Fix 0 < A < Ap, and define Ngap = (AOEA)Q log “gT. Let

Toop = inf {t € [T'] : My > Ngap, Vse{t,...,T}},
with inf ) = T+1. Under Assumption 2, there are no departures, so M; is nondecreasing

and
Toop = inf {t € [T'] : My > Ngtap } -

Lemma 8 (Population stability). Under Assumption 2, with probability at least 1 —¢/2,

Vi(i') — H;@f‘zf(i) > A, V> Tpop, t< T

Consequently, on this event, if Tpop < T, Assumption 1 holds with Tsan, < Tpop-

Proof. For a fixed t and i, conditional on M;, Vi(i) is the average of M; independent
random variables in [0, 1] with common mean v(7). Therefore, Hoeffding’s inequality

gives
_ A2
Pr<“7}(z) —v(i)‘ > A02 A Mt> < 2exp<—]wt(A02 A) ) )

Whenever M; > Ngtab, the right-hand side is at most 6 /(2K7T'). A union bound over all
t € [T] and i € [K] therefore gives, with probability at least 1 — 4/2,

_ Ay — A
Vi(i) —v(i)| <
gg[%\ 1(i) — ()| < 5

at every round satisfying My > Nggap.

Hence, for every such round and every i # i,

Vili) = V(i) 2 v(h) = o(0) = |Vali) = o) = [ V(i) = o(i)|
> Ag— (Apg—A)=A.
If 7oop < T, then by the definition of 7,0p, M; > Ngap, for every t > 7,0p. Thus the

persistent-optimum condition in Assumption 1 holds from 7., onward, and we may
take Tstab < Tpop- ]

Global-UCB confidence. Define
gun = {IVili) = Vi)l < B™ (i) + B, vee[T), i€ [K]},

Lemma 9 (Simultaneous confidence for Global-UCB). Suppose rewards lie in [0,1]

and the entry estimates satisfy max;c g ‘ﬂfr?firy — ,u’m’ < P,, for every agent m. If

Algorithm 1 is run with confidence parameter /2, then

1)
P(Eycp) > 1 — 5
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Proof. When Algorithm 1 is run with confidence parameter 0/2, its anytime radius is

cm(n) = \/2171 log <4K‘j(m)(‘j(m2§+ n(n + 1)>, n>1.

For the j(m)-th agent, arm ¢, and sample size n > 1, Hoeffding’s inequality gives

P (|7m,i(n) = fign| > em(n)) < 2exp{—2ncm(n)?}

~2K(m)(j(m) + Dn(n+ 1)’

Since
o0 o0

1
;]]—Fl ;n(n+1)_1’

a union bound over all agents, arms, and sample sizes yields

4 5
P(\fm,i(n) — pn,] < em(n), Ym, i, n> 1) >1— 7

On this event, for every continuing agent m € R,

ﬂm,i(t - 1) - ,U/:n‘ < pm,i(t - 1) = min {va Cm(nm,i(t - 1))} 5
whereas for every arriving agent m € A,

~entry
m,i - HUm

< P,.

Therefore,

Vi) = Vil € Y pmilt =D+ Y Pa

mER meA;
— Bftat( )_|_ EA

simultaneously for every t € [T'] and i € [K]. Hence

1)
P(Euc) > 1 - 5

Identification by Global-UCB. Recall
Wy(i) = B{*™(i) + E{'

and define .
Wt (Z)

wt(i) = Mt .
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The identification time is

A
Tiqg = inf {t €[T]: maxws(i) < —, Vse{t,... ,T}},
i€[K] 4

with inf ) = T+ 1. Thus, once t > T7iq,

M;A
B (i) + B < i . VielK].

This definition is pathwise and does not require an additional probabilistic event.

We next give a sufficient upper bound on 74.

Proposition 1 (Closed-form upper bound on 7q). Suppose there are no departures,
My > M, |A] < A, and Py, < Cpt™ for every t € [T] and m € Ay, where A, A,Cp > 0
and o > 0. Let Py = Zme/\/{o P,,.

If a =0 and ACp/A < A/J4, then 1iq < max{1, [Py/[A(A/4— ACp/N)]]}.
IfO<a<1, thenng < [max{spo/@m, [8ACH/(A(1 — a)A)]l/aH.
Ifa =1, let Ax = max{1,84Cp/(AA)}. Then 1iq < [max{8Py/(AA),24x log(2eAn)}].

Ifa>1, then mia < [4(Py + 221 ACP) /(AA)].

Proof. Since pp,i(t — 1) < By, for every arm i,

Wi(i) < > Pn < Po+ ACpH,(t),  Ha(t) =) s
meM; s=1

Hence, using M; > \t,

. Py+ ACpH,(t)
< .
roaen(i) < by

If a =0, then Hy(t) =t, so

P A
max wy (i) < =2 ﬁ.

At A
Under ACp/)A < A/4, the right-hand side is at most A/4 whenever

Py
AMA/4—ACp/N)

t>

It is nonincreasing in ¢, yielding the first claim; the additional maximum with 1 covers
Py =0.
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If 0 < a < 1, then Hy(t) <t'7%/(1 — ). Thus, by (A),

P, ACp

YA L

max wy (i) <
7
The stated threshold makes each term at most A/8, and both terms are nonincreasing
in ¢, proving the second claim.

If a =1, then H;(t) < log(et), and hence

~ _ Py ACplog(et)
< —4+ — .
m?xwt(z) <% X "

The first term is at most A/8 when t > 8P /(AA). Moreover, ACp/A < ApA/8. Let
to = 2Aalog(2eAp). Since B = log(2eAn) > 1,

Anlog(ety) = Aa (B + log B) < 2AAB = ty.

Because log(et)/t is nonincreasing for ¢ > 1, the same inequality holds for every ¢ > ¢.
Thus the second term is also at most A/8, proving the third claim.

Finally, if o > 1, then

o e
H,(t) <1 “Ydr =
a( ) > +/1 x X a—1
Therefore, -
Py+ 25 ACp
N < a—1
miaxwt(z) S
which is at most A/4 under the stated threshold and remains so thereafter. This proves
the final claim. O

Closed-form burn-in bound. We now combine the two components under the
stationary population model. Under Assumption 2 and the conditions of Proposition 1,

N,
Tpop < [ S)iab-‘ .

Let

ub
Tid

denote the corresponding upper bound in Proposition 1, and define

N,
Tef = max{ [ S‘;\ab-‘ ,Ti‘éb} .
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If 7o < T, then 70 < T, and Lemma 8 implies that, with probability at least 1 —§/2,

Nstab—‘

Tstab < Tpop < ’7

Therefore, on the same event,
T = maX{Tstab; Tid} < Tef-

If 7o > T, then min{T, 7t} = T, and the corresponding finite-horizon regret bounds
below follow directly from the trivial bounds over the first T rounds.

Corollary 9.1 (Explicit stable-regime regret bounds). Suppose Assumption 2 and the
conditions of Proposition 1 hold, and run Algorithm 1 with confidence parameter 6/2.
Then, with probability at least 1 — 4§,

Ry < min{T, 7.}
If, in addition, M; < My + At, Vt € [T, and qr = min{T, 7}, then

A +1
Ry < Mogr + qT(qu)

Proof. Let
gr = min{7T, 7¢t}.

We consider two cases. First, suppose 7. < T'. Since

’VNstab

<

Tpop > -‘ ST T

Lemma 8 implies, with probability at least 1 — §/2, that Assumption 1 holds with

Nstab
A ..

Tstab < Tpop < ’V

By Lemma 9, the simultaneous Global-UCB confidence event holds with probability
at least 1 — 6/2. Hence, by a union bound, both events hold simultaneously with
probability at least 1 — §. On this event,

T = maX{Tstaba 7—id} < Tef-

Theorem 3 therefore gives
Rr <7 —1<gqr.

Similarly,
Teg—1 q

Ry < Z M; < ET: M.
=1 =1
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Now suppose 7t > T. Then gr = T'. Since each population-average reward lies in [0, 1],
RT < T = qr,

and likewise

_Q

T

T
Rp <) M;=) M.
t=1 t=1

Thus, in both cases,

qr
Ry <g¢r =min{T, 7},  Rp <) M.
t=1

If, in addition, M; < My + At for all ¢ € [T], then

Agr(gr +1)

qr
Rr < ;(Mo + At) = Moqr + 5

O]

Rate implications. The closed-form bound separates the time needed for population
stability from the time needed for identification. Under the stationary population
model,

Ngtab 0 1 ) KT

P (A(Ao —AP )

In contrast, the bounds on 73q in Proposition 1 do not grow with 7" when the remaining
parameters are independent of 7. For example, when P,, = O(t~1/2) for agents arriving
at round t,

Tid = O(A_Q)v

up to the population-growth and entry-error constants, while P, = O(t~!) yields

Tid = O(A_l).
Consequently, if K, 8, X, Ag, A, A,Cp, o, and Py are independent of T, with
ACp A
X
when a = 0, then
Tef = O(log T)).

If also
M, < My + At,
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then
Rr = O(logT), Rr =0 (MylogT + AlogT) .

Thus, under this sufficient population model, the population may continue to grow
throughout the horizon, while regret accumulates only during a logarithmic burn-in
period. More generally, Theorem 3 does not require the stationary population model:
any instance satisfying Assumption 1 admits the same post-7 identification guarantee,
with the resulting regret determined by its instance-dependent values of Tgta1, and 7iq.

A.4 Computation Complexity

The manifold methods inherit the computational cost of exact kernel regression. Recall
that N;(t — 1) and Ny;—; are the numbers of observations of arm i and all arms,
respectively, by t — 1. For each arm ¢, the vector ¢;; has N;(t — 1) entries, each involving
M, kernel evaluations. Constructing ¢; ¢+ for all arms therefore takes O(N;—1M;) time.
Similarly, ¢; contains M? pairwise kernel evaluations and takes O(M}?) time.

To evaluate X/}t(z) and O‘E?p, we solve systems involving K;;—1 + I. Reusing the matrix
decomposition maintained from previous observations, each solve takes O(N;(t — 1)?)
time, and hence the corresponding cost over all arms is O(Zfil N;(t—1)2). Altogether,
evaluating the UCB indices takes O(N;_1 M; + M? + Zfil N;(t — 1)?) time.

After the common arm a; is selected, M; new observations are added to its kernel
matrix. Updating the matrix decomposition once for each new observation costs at
most O((Ng, (t — 1) + My;)?) per observation, and therefore O(M;(Ng, (t — 1) + M;)?)
for the batch. Combining these computations, the overall per-round complexity is
O(My(Ni—1 + My)?) in the worst case, which reduces to O(N?_;) when the population
size is uniformly bounded.

Parallel exploration incurs the same cost from the UCB-style evaluation, together with
the costs of evaluating the assignment gains and solving the matching problem. For
a candidate pair (m, 1), directly evaluating G;:(m) requires solving a kernel system
of dimension N;(t — 1), which takes O(N;(t — 1)?) time using the maintained matrix
decomposition. There are M, candidate agents for each i € Cy, giving O (M, Ziect N;(t—
1)2) time for all assignment gains.

The matching can be formulated as a minimum-cost flow problem on a bipartite
network with M; + |C¢| 4+ 2 vertices and M;|C;| + My + |Ct| edges, where e; units of
flow correspond to the selected agent—arm pairs. Using a network-flow algorithm,
the matching can be solved in O(e;M|C¢|log(M; + |Ct|)) time, which is at most
O(My|Ce| min{ My, |Cy[} log(M; + |Ce))-

Since My e, Ni(t—1)% < MyN? | and 3215 My (Ni(t—1)+My;)? < My(Ni—1+M;)?,
the overall per-round complexity is O(M;(Ny_1 + My)? + M;|Cy| min{ My, |C;|} log(M; +
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|C¢])). For fixed K, the dominating term is still O(My;(N;_1 + M;)?), which is consistent
with the homogeneous exploration case. For a uniformly bounded population size the
complexity again reduces to O(N? ;).

A.5 Proof of Results in General Systems
A.5.1 Proof of Theorem 1

Proof. Fix an agent m, an arm ¢, and a sample size n > 1. By Hoeffding’s inequality

and the definition
() = \/ L 1og<2f<j<m><j<m2S T n(n + 1>>’

we have
B )
— Kj(m)(j(m) + Dn(n+1)°

Since the agents are indexed by their order of first appearance and

Pr(|7pm,i(n) — ,uﬁn‘ > cm(n)) < 2 exp{—2nc, (n)?}

o0 o0

1 1
2560 " ey

j=1 n=1

a union bound over all agents, arms, and sample sizes gives, with probability at least
1—0,

|Fim,i (1) = | < €m(n)
simultaneously for every agent m, arm ¢, and n > 1. We work on this event throughout
the remainder of the proof.

Together with the entry guarantee

~entry g

max l’l’mﬂ, Mm S Pm7

i€ K]

this implies, for every continuing agent m € Ry,
ﬂm,i(t - 1) - an‘ < pm,i(t - 1) = min{Pma Cm(nm,i(t - 1))} .

For every newly arriving agent m € A,

~entry 7
m,i - HUm

< P,.

Therefore, for every arm i,

V@) = Vi) £ 2 pmalt =D+ > P
meR: meA;
= B;*'(i) + E}.
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Let
17 € arg max V4 (7).
t gz‘e[K] t()

Since E{' is common across arms, the UCB rule gives
Vi(i) + Bi'(if) < Vilar) + Bi*™ (a).

Using the confidence bounds on both i} and ay,

IA
=

Vi(it) < Vi(iy) + B (i) + Ef*
(ar) + B*™(ay) + E{*

t(at) + 2B§tat(at) + 2E£4

=

<
<

<

Hence
Vi(ip) = Vilar) < 2B (ar) + 2.

Because all active agents select the common arm a;,

T

Ry =y [Vi(if) = Vi),

t=1

and therefore

T T
Rp <2 Bi*“(a)+2> E].
t=1 t=1
It remains to control the first term. By the definition of B*t

T T
D Ba) =) Y pmalt—1)
t=1

t=1 meR:

K
- Y Y Y i)

m: Ly, >0 i=1 t<T:
MER:, at=1

Thus, the outer sum is over distinct agents, while L,, records the total number of
rounds in which agent m contributes to this term.

Fix an agent m with L,, > 0 and an arm ¢, and write
R

Since pm,i(t - 1) < Pma

E pmi(t —1) < nby,.
t<T:
MER:, at=1
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We next derive an alternative statistical bound. Let
<t <- - <ty

be the rounds at which m € R;, and a;, = 4. The first such round contributes at most
P,,. Before round t., r > 2, agent m has already observed arm ¢ on at least r — 1
previous rounds. Moreover, ¢, (-) is nonincreasing on the positive integers. Indeed,
writing

6, = 2 +1)

the function
= log(Cpyz(x + 1))

T

is decreasing for = > 1, since C}, > 4 and

d log(Crpx(z 4+ 1)) 14 ;57 —log(Cra(z + 1))
dz - 2

< 0.
dx T T

Therefore,
pm,i(tr_l)gcm('r—l), r=2,...,n.

For ¢ > 1, recall

oo (2K (m)(G(m) + e+ 1)
A (l) = log< 5 ) :

Sincer —1<n-—1< L,

Consequently,

where we used

;\}ggz\/ﬁ.

Thus, for every m with L,, > 0 and every arm ¢,

S pmalt—1) < min {N;;i(T)Pm, P+ \/2Am(Lm)Nn§7i(T)} .
t<T:
MER:, ar=i
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We now sum over arms. Since
K
E : R _
Nm,i(T) - Lm7
i=1

the first bound gives

K
Z Z pm,i(t - 1) < Lum~
=1

t<T:
MERL, at=1

Alternatively,

K K
S > pmilt—1) S KPp+V200(Lin) Y\ /NE(T)
=1

t<T: =1
MER:, ar=1

< KPPy + V2K A (L) L,

where the last inequality follows from Cauchy—Schwarz. Taking the smaller of the two
bounds yields

K
> Y pmi(t—1)<min {Lum, KBy + 2KAm(Lm)Lm}.
i=1  <T:

MER:, ar=1

Summing over all agents with L,, > 0,

T

ST B a) < Y win{LyPy KBt V2K A (L)L}
t=1 m:Lpy, >0
Finally,
T T
S E-Y S R
t—1 t=1 meA;

Substituting the last two bounds into the regret decomposition gives

T
Rr<2Y Y Py+2 Y min {Lum, K Py + 2KAm(Lm)Lm},

t=1 meA; m:Lp, >0

which proves the claim. O

A.5.2 Proof of Theorem 2

Proof. We prove the two lower bounds separately.
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Lower bound for newly arriving agents. Introduce one permanent agent mg
whose rewards are identically zero on both arms and are known to the learner. At
round ¢, let

M = {mo} U A,

Every agent in A; departs before round ¢ 4+ 1. Thus, each such agent is newly arriving
at round ¢ and is never a continuing agent.

For every sign vector
z = (Zl, R ,ZT) S {—1,—|—1}T,

construct an instance v* as follows. For every m € A;, set

1 2N\ (pm70)7 2t = +17
(ijﬂm) {(Oapm)a 2t = -1

Rewards are deterministic at these means. Since p,, € [0, 1], all reward distributions
are supported on [0, 1].

For every arriving agent, provide the same entry information under the two configura-

tions:

~entry _ ~entry __ D

m,l = Mm2 =0, P, = pm.-
The entry estimates lie in [0, 1], and under either value of z,

~entry

Hom i *Nin = pm = P

P,, = max
ie{1,2}

Thus, the entry information available to the learner is identical under z; = +1 and
zZt = —1.

Let

Sy = Z Pm-

meA;

Because the permanent agent is arm-indifferent, if z; = +1, then
Vi) =5, Vi(2) =0,

whereas if z; = —1, then

Vi(1) =0,  Vi(2) =S

Hence, whenever S; > 0, the optimal arm is 1 under z; = +1 and 2 under z; = —1,
and selecting the other arm incurs instantaneous regret exactly S;. When S; = 0, the
instantaneous regret is zero, so the same calculation below remains valid.

Now let Zy, ..., Z7 be independent Rademacher random variables, i.e.,



This induces the uniform prior over the 27 instances {v*: z € {—1,+1}7}.

Fix any possibly randomized nonanticipating policy 7. Let F,  denote the sigma-field
containing all information available immediately before the policy selects a;, including
the complete past history, the current active population, and the entry information of
all agents in A;.

By construction, the information in F, is identical under Z; = +1 and Z; = —1.
Moreover, Z; is independent of Zy, ..., Z;_1. Therefore,

Zy L Fy .
Let

Conditional on F, , when Z; = +1, the expected instantaneous regret is
(1 - Qt)St7

whereas when Z; = —1, it is
qt St

Averaging over Z; gives

. _ 1 1
E[Vt(ﬁ) — Vilar) | F ] = 5(1 —q)St + 5%5} =

Taking expectations and summing over ¢,

EZﬂ'RT Zst Zzpm

t 1 meA:

The left-hand side is the average of ET.[R7] over the 27 instances v*. Hence, there
exists at least one z € {—1,+1}7 such that

E7-[Rr] >

N | =
IIMH

ma

Consequently,

[\.')M—A

T
sup ET[Rr] Z;Z 2;4

veI({pm})

e
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Lower bound for post-entry learning. We next construct a different family of
instances. Consider any collection

{(Lmvpm) : Lm > 0}, Lm € Na pm € [07 1]7
and define
H={m: Ly >0, pp >0}

Agents with p,,, = 0 contribute zero to the desired lower bound and may be ignored in
the hard construction. Suppose

> (Lm+1)<T.
meH

For every m € H, define
Hy,, =L+ 1.

Fix any ordering of the agents in H, and assign them pairwise disjoint consecutive
blocks
By = {smySm +1,...,8m + Hp — 1} C[T]
with
|Br| = Hp,.

Agent m arrives at the first round of B,,, remains active throughout the block, and
departs immediately afterward. Thus, it is newly arriving during the first round of B,,
and is a continuing agent during exactly L., subsequent rounds.

For each m € H, introduce an auxiliary agent b, that is active over the same block.
Its reward means are known exactly to the learner and its pre-training error is zero.
We also retain the permanent agent mg, whose rewards are identically zero on both
arms. Hence, for t € B,,,

My = {my,m, by},

whereas at rounds outside the blocks,
Mt = {mo}
The latter rounds incur zero regret.

The auxiliary agents and mg have pre-training error zero and therefore contribute zero

to
min{ L., pm, v/ KLy }.

Thus, adding them does not affect the right-hand side of the desired lower bound.
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Recall that K = 2. For every m € H, define

) 1 K
Em = IMIN § Pmy, E Hi .
m

Since K =2 and H,, > 1,

For p € [0, 1], define

Then

and
1
p+e(p) = 5t c2(p) = max {p, } :

For every collection of signs
z={zm e {-1,41} :m e H},

construct an instance v* as follows. During block B,,, the hard agent m has mean
rewards

Mln = Pm, H?n = 3 + ZmEm.-

More precisely, arm 1 gives the deterministic reward p,,,, while arm 2 gives independent

Bernoulli rewards with mean % + ZmEm. Since &, < 1/8, these rewards are supported
on [0, 1].

The auxiliary agent b,, has deterministic rewards with means

o, = C1(Pm), 15, = c2(Pm)-
The permanent agent mg has deterministic reward zero on both arms.
For the hard agent m, provide the entry estimate

~entry ~entry 1 _
m,l T > m,2 _5’ P = pm.

Both coordinates belong to [0, 1]. Moreover,

~ent
finy” — u,ln( = Pm
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and

~entry 2|
Pma" — um‘ = Em < Pm-

Hence

Pm = ag}[??é} | As;;t;y — :LLZ’L} =Dm = Pm

Thus, the prescribed pre-training error is attained exactly, while the entry information
does not depend on z,,.

For the auxiliary agent, provide its exact means as its entry estimate:

~entry ~entry _

My, 1 = c1(Pm), My, 0 = Cz(pm), Pbm =0.
Therefore P, = 0, and all entry estimates in the construction lie in [0, 1].

Define

1
By, = pm + Cl(pm) = 5 + 62(pm)'

For every t € B,,, the aggregate mean rewards are

‘/t(l) = Pm + Cl(pm) = By,

and .
Vi(®) = 5 + 2mem + a(bm) = B + 2.
Thus, when z,, = +1, arm 2 is uniquely optimal, whereas when z,, = —1, arm 1 is

uniquely optimal. In either case, selecting the suboptimal arm incurs instantaneous
aggregate regret exactly &,,.

We now lower-bound the regret accumulated over one block. Fix m € H, and abbreviate
H=H,, €= Em.

Condition on an arbitrary realization of the complete history before B,, begins. The
policy may depend arbitrarily on this history. The sign z,, will be chosen independently
of that history, so the following argument applies conditionally on every such realization.

Let P4 and P_ denote the conditional laws of the transcript generated during B, under
Zm = +1 and z,, = —1, respectively. Let

Ni= )Y 1a =i}, ie{1,2}.

teBm

Since exactly one common arm is selected at every round,

N1 +Ny=H
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pathwise.

The two instances have identical populations, entry information, auxiliary rewards,
arm-1 rewards of the hard agent, and action kernels of the policy. They differ only in
the reward distribution of agent m when arm 2 is selected. Therefore, by the chain rule
for relative entropy,

11
Dgr(P-[|P+) = E_[No] kl(2 —& 5+ 5) ,

where kl(+, -) denotes Bernoulli relative entropy.

1 1 1+ 2
Kl{ - —¢, 2 = 2¢l
<2 s,2+z—:> € 0g<1_2€>

< 122

1+ 2
1 < .
Og(l—x) I

1+2¢ 8e?
%1 <
Eog<1—2g> =12

<32
= 3
< 1262,

For 0 <e <1/8,

Indeed, for 0 < z < 1/4,

Taking z = 2¢ gives

Hence
Dkr(P_||Py) < 12He2

By the definition of ¢,

— 256 128
where the equality uses K = 2. Therefore,
D (P_|[Py) < —
KL= IF+) = 55

Pinsker’s inequality then gives

“|%
>~ =

1
IP- = Poiflrv < /5 Dxr(P-|[P4) < —= <

Let R,, denote the regret accumulated over block B,,. Under P, arm 2 is optimal, so
every selection of arm 1 incurs regret €. Thus,

E[Rp] = €E4 [N1].
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Under P_, arm 1 is optimal, so every selection of arm 2 incurs regret €. Thus,

E_[Ry] = E_[Ny).

Since 0 < N1 < H,
[Ey [N1] —E_[Ni]| < H[|Py —P_||v.

Therefore,
E+[N] > E_[Ni] — H|[Ps - P_||rv.

Using N7 + No = H under P_,

E4[N1] + E_[No] 2 E_[N1] + E_[Ns] — H|Py — P_||1v
3H

= H(l - HP+ - P—HTV) > i

Consequently,

2 (. [R] + B[ Ro]) = 5

: (B4 [Ni] + E_[Na]) > gHa

Substituting the definition of &,,,

3 3 3
—~Hy e =mins —Hppp, —<VKHp, ¢ .
g Hme m1n{8 Pms Tog }

Since H,, = L., + 1 > L,,,

3 1
bl >

and
3 KH,, > 1 KL
128 =128 m

It follows that

Finally, let
{Zy :m e H}

be independent Rademacher random variables. Consider the resulting uniform prior
over the finite family of instances

{v¥:iz={zm e{-1,4+1} :m e H}}.

Before block B, begins, Z,, is independent of the complete history generated by all
blocks that precede B,,. Moreover, the active population and all entry information
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in B, are identical under the two values of Z,,. Hence the preceding conditional
two-instance argument applies after conditioning on the complete history before B,,.
Taking expectations gives

Ez xR > % min {mem, KLm}

for every m € H.

Because the blocks are disjoint and all rounds outside them incur zero regret,

min{mem, \/KLm}.

Ezx[Rr] = Z EZ [ Rm]

>
128
meH meH

For every m with L,, > 0 but p,, = 0,
min {mem, KLm} = 0.

Therefore,

The left-hand side is the average of EJ.[Rr] over the finite family of instances {v*}.
Hence, at least one instance in the family satisfies

IE{;[RT]E% 3 min{mem, KLm}.

m: Ly, >0
Consequently,
1 .
sup ET[Rr] > 128 Z min {mem, KLm}.
VGQ({LmaPm}) m: Loy >0

Both constructions apply to every admissible possibly randomized policy w, which
proves the claims. ]

A.5.3 Proof of Theorem 3

Proof. By Assumption 1, for every t > Ty and i # if,

Vi(ih) = Vi(i) = My (Vi(ih) = Vi(d)) > MA.

By Lemma 9, with probability at least 1 — §/2,

Vi(i) = V(i) < By (i) + E{f',  Vte[T], i € [K].
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A union bound shows that both statements hold simultaneously with probability at
least 1 — §. We work on this event.

Fix t € {7,...,T} and i #4!. Since t > Tytap,
Vi(it) = Vi(i) = My (Vi (i") — V(i) > MA.

Since t > 7yq,
M;A

Wi (i) < 1

Let R
Ut(i) = Vi(i) + B;*™(i)

be the Global-UCB index. On the simultaneous confidence event,
U(ih) > V(i) - B,
whereas
Uli) < V(i) + 2B (i) + Ef".

Therefore,
U(i') = Uni) = Vi(i") = V(i) = 2B]™" (i) — 2B}
= Vi) - V(i) — 27 ()
M;A — M;A
2 2
Thus a; = if. Since t > 7 was arbitrary, the same conclusion holds for every subsequent
round.

> MiA — > 0.

Under coordinated actions,

All terms from ¢ = 7 onward vanish, while each preceding term is at most one. Hence

Ry <71 —1.
Similarly,
T —
Ry =Y [Vi(i) = Vi(ar)] ZMt [Vi(i7) = Vi(ar)] ,
t=1
SO
7—1
Rr < ZMt.
t=1
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A.5.4 Proof of Lemma 4

Proof. Fix an arm i, and order all agent-level observations collected from this arm
chronologically, using an arbitrary fixed ordering among agents observed in the same
round. Before the reward noises of a round are realized, the population, its representa-
tions, and the selected arm are already determined. Under the conditional independence
assumption, this serialization produces a predictable sequence of kernel features with
conditionally R-sub-Gaussian noise.

Applying the RKHS self-normalized concentration inequality with failure probability
0/ K therefore gives, simultaneously over all sample sizes,

K
‘ <SS+ R\/2 ('VNi(t—l) +1+log )
Ait—1 )

Since Y, (1—1) < YN, (t—1), the right-hand side is at most f;¢—1. A union bound over the
K arms gives a common event of probability at least 1 — 6.

fit—1—fi

On this event,

Vi(i) - ili)| = ](fm_l ~ i)

k
<

fit—1— fi

. pop
< /Bz,t—lo'i,t )

Ai1t71 ”\Ilt H’A;tl—l

which proves the claim. ]

A.5.5 Proof of Theorem 5

Proof. Work on the event in Lemma 4. Let i} € argmax;c(x) V;(7). By the UCB rule,
Vi(i) + Bira-107ry < Vi(ae) + Bagi—100%.

The confidence bounds therefore imply
Vi(iy) — Vilar) < 2Ba, 11004 < 281045, 1-

Thus,

T
Ry <281 ) ob%.
t=1

We next relate the population-functional uncertainty to the information gained from
the batch of observations obtained at round ¢. Write i = a;, let

By = Z ¢($m) X ¢(xm)a

meMy
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and define
Xo= A ABAE

For um—Altl/? (zm),

(aB) = S umlfy, <My > umlF, = My tr(X).
meMq meM;
Since A;j—1 = I and k(z,z) <1,
> NumlF, < M.
meMq

Hence every eigenvalue z of &; lies in [0, M;]. Because z/log(1 + z) is increasing for
z >0,

M,
X ——————logdet(I + X,
() < s logdet(1 + ).
Consequently,
2
pop) 2 e loadet( +
(Uat,t) — log( Mt) 0g e( + t)
Let

Art = Fat,t - Fat,t—l-
By the determinant identity for the update Ay, + = Aq, t—1 + B,
1
ATy = 5 log det(I + A}).

Therefore,

2
I R —
(O'at7t) log(l +Mt) t-

By Cauchy—Schwarz,

T T
Z"gto? = (tzl log(1 + M) ) (Z Mt)
= \/2HT7,

because the information-gain increments telescope separately for each arm. Substitution
proves the first claim.

Finally, arm ¢ receives N;(T') agent-level observations, so

Ui <Nty < ANy(1)-

Summing over arms and using N;(T") < Np proves the second claim. O
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A.5.6 Proof of Theorem 6

Proof. We first present the information gain under the kernel.

Lemma 10 (Information gain). There exists a constant C > 0, depending only on

d 2v
(X,9), v, and ¢, such that, for everyn > 1, v, <7, = Cyn2+d log?+d (e 4+ n).

Proof. Let
n d
s=v+—.
2
Up to a positive constant depending only on the kernel parameters, the spectral

coefficients of k, ¢ are
w; = (ag + A) ™

We use two spectral estimates for the Laplace—Beltrami operator. First, the local Weyl
law for the spectral function Hormander [1968] implies that there exists Cyw > 0 such
that

sup Z p;(x)? < Ow(1 + L)Y?, L > 0.

zeX <L

Second, Weyl’s eigenvalue asymptotics for the Laplace-Beltrami operator Hérmander
[1968], Chavel [1984] imply \; < j2/4 as j — co. Hence, after adjusting the constant to
include the finitely many low-frequency modes,

1+ X > ew(l+ )%

for some cw > 0 and all 5 > 0.

For D > 1, decompose
ky¢e=kp+rp,

where kp contains the first D spectral modes. We first control the diagonal of the
residual kernel. Let
Lp=a;+ Ap.

Partition the indices j > D into

jq:{jZDZQQLDSCLZ—I—)\j<2q+1LD}7 q > 0.
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By the local Weyl bound for the spectral function of the Laplace—Beltrami opera-
tor Hérmander [1968],

rp(x,x) = Z wip;(x)?

j=D
<CY (2Lp)™" Y pjie)?
q=0 J€Jq
S C/ Z(2qLD)—S(2q+1LD)d/2
q=0

o0
— oLy .
q=0

Since v > 0, the geometric series converges. Weyl eigenvalue growth then gives

sup rp(z,z) < C, D~/
reX

for some C, > 0.
Now fix arbitrary x1,...,x, € X, and decompose their Gram matrix as
K, =K,p+ R, p.
Both matrices are positive semidefinite, rank(K,, p) < D, and, since k, ¢(z,2) < 1,
tr(K,,p) < tr(K,) < n.

Hence, by concavity of the logarithm,

log det(I, + K, p) < Dlog (1 + %) .

For the residual term,
log det(I,, + K;) = logdet(l,, + K, p)
+logdet (I + (I + Kn,p) /Ry (I + Knp)~2)
<logdet(I, + K, p) + tr(Ry.p)
< Dlog (1 + %) + C,nD~2/4,

Therefore,
5 <1[Dlog<1+ﬁ>+CnD*2”/d
n = 2 _D T .
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Set
d 2w _1
9 Q—2V+d— p’

o= () |

and, for n > 2, choose

Then n
Dlog (1 + 5) < CnPlog(e+n),
while
nD™/4 < C'nPlog?(e +n).
Thus

n < nynp log?(e +n).

The case n = 1 is absorbed by increasing C.,, which completes the proof.

By Lemma 10,
Lir <N,y < CyNi(T)Plog?(e + Ny(T)) < C,Ni(T)P L.

Since Zfil N;(T) = Np and p € (0,1), concavity gives

K
> Ni(T)P < K'"PND.
=1

Hence
Iy < C, K" PNLLL.
Because 1 —p = ¢ =2v/(2v + d),

2 d 2v
I} < C K2v+a NZF L2

Likewise,

K] -
Big—1 < S+ R\/2 [CWNquT +1+log—| = Br.

Substituting these two bounds into Theorem 5 proves the result.
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A.5.7 Proof of Theorem 7

Proof. Let
V(i) — Vi(i)
M, ’
and let P} denote the exploration matching at round ¢. Since M; — e; agents select the
leader h;, while the e; remaining agents are matched one-to-one with challengers,

Ay(i) =

T T
RT = Z(Mt — et)At(ht) + ZR?XP,

t=1 t=1

where

RPP = 3" Ai).

(m,i)eP}
Let £ denote the simultaneous confidence event
Vili) = Vi(i)| < Buoli?, vie[K], te T,

By the population-functional confidence result, P(£) > 1 — §. We work on £. Since
N;(t — 1) < Np and %, is nondecreasing,

Bii—1 < Br
for every i and t.

Because h; € arg max; Ug(i),

Ut(he) = U(iy) = V(i)

On &,
Uy(he) = Vi(he) + Bhyi—10578 < Vi(he) + 2Bp, -10500.
Therefore,
V(i) = Vilhe) < 28708,
and hence

Mt — €t pop

(Mt — et)At(ht) S QBT Mt Uht,t'

Define the embedding of the agents selecting the leader by

meQy n,
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Since W, = W} + (¥, — 1), the triangle inequality gives

pop h h
oheh < I, + I = W,

Thus

M, —
(M — er)Av(he) <207 fM °t

h
K%

t
M — e

t

”A;f,t,l

N P
tot—

1
We first control the uncertainty contributed by the leader batch. Let

A =Api1, zm=A (@), me Qup,

and
Cy = Z Zm @ Zm,.-

meEQy n,

Since |Qt,ht| = Mt — €¢,
h
1 =1 Y wmli
meQy n,
<(My—e) D zmllie,

meQy n,

= (Mt - et) tI‘(Ct).
Because Ay = I and k(z,x) <1,

r(Cr) = > (dwm), A G(xm))ay,, < My — er.

mEQy n,

Hence every eigenvalue \ of C; lies in [0, M; — e;]. Since z/log(1 + z) is nondecreasing
on [0, 00),

Mt — €t
A< log(1 4 \).
- log(l + M; — et) g( )
Summing over the eigenvalues gives
M, —
tr(Cy) < - logdet(I 4 Cy).

- lOg(l + M; — et)
Define the information-gain increment of the leader batch by

1
At = 5 log det(I + Cy).
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By the determinant identity for the batch update of arm hy, this is exactly the increase
in its realized information gain produced by the M; — e; leader observations at round t.
Therefore,

2(Mt — et)Q
- log(l + M; — et)

h h
1w s AT,

and consequently

M, — 2 (M; — e;)* h
L <2 AT
< M, H tHA > = "M2log(1+ M; —e;) *

Cauchy—Schwarz now yields

T M T
E : t— h E :

Mt H\IJ ”A_l < 2H%et AF?
t=1 t=1

For each arm 4, the information increments obtained on rounds for which h; = ¢ are a
subset of the nonnegative information increments accumulated by that arm. Hence

T K
S AT <> Tip=T%
t=1 i=1
It follows that

T
Z (M — e) Ay (hy) < 287/ 203 HES + 287Dy,

where, for this proof only, we write

T

Z T LB P

=1

Combining this inequality with the regret decomposition gives
T
Rp < 2fr\/2TFHY + 287 Dr + Y RP®.
t=1

We next eliminate the two auxiliary terms. Since exactly e; agents do not select the
leader,

o= Y o).

mMmEM\Qy n,
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Moreover, A,_Ltlt_l =< I and H¢($m)”%{k = k(zm,zm) <1, so

W=l < D lglam)lr  <en

Ry t—1 hyt—1
mEMt\Qt,ht

Therefore,

T

DT<ZMt_et€t<Nexp

= > iVp .
= M

Also, because f;(z) € [0, 1], each population-average reward belongs to [0, 1], and hence
0< Ai) <1

Since |Pf| = e,

RPP = Y Ai) <er
(m,i)ePy

Thus,

T

exp exp
E R < N,
t=1

Ry < 2Bpy\/2T2HR + (287 + 1) N3P

We now prove the second bound. Suppose that every exploratory assignment (m, i) € Pf
satisfies

which proves

I (m) = ;log<1 + <gb(xm),A;t1_1¢(xm)>Hk> > 1.

Because P} is a matching, each challenger is assigned to at most one agent at round t.
Thus, if (m,d) € P}, arm i # h; receives exactly one observation at that round and its
design operator is updated as

Aip = Aii—1 + d(2m) @ ¢(Tm).

By the matrix determinant lemma,

1
Pm — Fi,t—l = 5 log(l + <¢)($m), .A;tl_l (Ll?m)>Hk> = Lt(m).

Hence the total information gain contributed by exploratory assignments is

T
> > Tulm).
t=1

(m,i)ePy

o1



These are nonnegative information-gain increments contained in the total increments
accumulated across all arms. Therefore,

Z Z Iis(m) <T%.

t=1 (m,i)eP}
On the other hand, the threshold condition gives
T
Z > Lig(m) =n>  [Pf|=nNg®.
t=1 (m,i)eP} t=1

Consequently,
FE
n-
Substituting this inequality into the first regret bound yields

28y + 1
Ry < 2Bpy/2T5Hbet 4 BTUJFP%

Finally, arm ¢ receives N;(T') observations in total, so

NP <L

Lir SNy < INi(r) < I

where the final inequality uses N;(T') < Np and the monotonicity of 7,,. Summing over
i € [K] gives
FIZ“ <K YNr-

This completes the proof. ]
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